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Abstract: Recursive least squares estimation technique is an essential 
ingredient in the formulation of data-congruent hedonic models and, 
specifically, in investigating structural stability of hedonic relationships. 
Furthermore, recursive estimation technique enables real-time determination 
of hedonic prices and, thus, could be utilised in the construction of a hedonic 
function in sub-markets where only a few observations are available. In the 
empirical section of the study it was possible to construct an overall stable 
hedonic model using equilibrium correction mechanisms. 

Keywords: recursive least squares, hedonic prices, error correction 
mechanism.

Introduction
Accurate and reliable description of hedonic prices is important to all participants 
in land markets as they involve substantive financial transfers; in Finland alone 
almost 170 M€ are annually used for acquiring undeveloped sites with over 
7000 enclosed transactions [Hiltunen, 2003].  Econometric methods are often 
advocated [e.g. Rosen, 1974; Wallace, 1996; Hiltunen, 2003] in order to avoid 
any systematic pricing error and to produce the necessary quality-adjustments that 
arise from the heterogeneous nature of separate land parcels. However, the use of 
conventional (parametric) econometric models is plagued with some fundamental 
difficulties imposing serious threats to their empirical adequacy.

The complex question of validity underlying hedonic model specification 
can be divided into three sub-problems that involve determining [Pace, 1993 & 
1995; Wallace, 1996]:
(1) the relevant set of response and attribute variables;
(2) the appropriate functional form between these variables;
(3) the adequate error distribution for inference.

Economic theory and past experience usually provide useful a priori 
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information of what variables should enter the model structure that substantially 
reduce the threat of omitted variable bias. Phenomena in real estate markets 
are, however, strongly dependent on the particular submarket, time period and 
property type and, as a consequence, the selection of proper set of dependent 
and conditioning variables is partially an empirical question, too. For example, 
in the modelling of land prices, there exists a significant amount of uncertainty 
concerning the choice of a proper response variable. Should the modeller use the 
original, total sales prices or the unit prices of a land parcel as the proper response 
vector and should these be analysed in a logarithmic or untransformed scale? Is it 
legitimate to apply price levels or should one use the first differences? The effects 
of time and location are highly important in theory, yet in practice their valid 
measurement imposes major obstacles and, as a result, no consensus have not yet 
emerged relating to the determination of their relative influences.    

In contrast, economic theory or previous experience seldom provides a specific, 
valid guidance on the choice of an appropriate functional form of the hedonic model 
[Pace, 1993 & 1995; Anglin and Gencay, 1996; Gencay and Yang, 1996]. A pre-
specified functional form is, however, the fundamental assumption underlying the 
use of theory-laden parametric models; a poor choice imposes artificial structure on 
data and significantly invalidates results of the subsequent analysis.

Congruence is a widely used criterion in the evaluation of parametric 
econometric models; an econometric model is congruent if it is a valid 
representation of the data-generating process and thus matches the phenomena 
in all measurable aspects. More stringently, an econometric model is congruent if 
and only if it possesses [Hendry, 1997; Bontemps and Mizon, 2001]: 
(1) homoskedastic, innovation error terms;
(2) weakly exogenous regressors for the parameters of interest;
(3) constant, invariant parameters of interest;
(4) (at least low-level) theory consistent structures;
(5) data admissible representations with accurate observations.

Each concept corresponds to a different type of information: (1) relates to 
past data; (2) to  present data; (3) to future data; (4) to a priori theory and (5) to 
measurement system. Furthermore, if an allowance is made for the information 
in rival models, this information taxonomy forms the core of econometric model 
evaluation in the parametric approaches. 

Research Problem and Methodology 
The purpose of this study is to focus on a certain aspect of the information 
taxonomy: to future data. Even if the best estimated parametric model would 
otherwise match the data but still suffer from non-constant parameters (which is a 
necessary condition for invariance), the model would yield a low level of utility in 
practical land valuation applications. The problem of non-constant parameters and 
the issue of invariance in econometric models is the essence of much acclaimed 
Lukas Critique [Lukas, 1976].    
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The recursive estimation technique due to [Plackett, 1950] offers an important 
practical tool, yet a less frequently used in land valuation studies, for investigating 
the structural stability of hedonic functions, which is the estimation method used to 
calculate the relevant hedonic prices in this research. Various diagnostic measures 
can be constructed based on recursive residuals [see e.g. Chow, 1960; Brown et 
al., 1975; Hansen, 1992] to examine presence (or absence) of a constant parameter 
model and its invariance. Recursive least squares estimation technique allows an 
on-line estimation of the hedonic prices and could therefore be utilised in the 
construction of a hedonic function in sub-markets where only a few observations 
are available. This useful small sample estimation option is also demonstrated 
briefly in the empirical section of the paper. 

As there exists a significant amount of uncertainty, that stems from our 
incomplete knowledge, about the functional form of valid hedonic model, many 
different model specifications are analysed, including dynamic responses, in 
order to match the model with evidence in different measurable respects. The 
modelling approach applied could be termed as general-to-specific, which mimics 
the theory of reduction with a clear goal of a data-congruent representation that 
parsimoniously encompasses the information in rival models. From the theoretical 
viewpoint, econometric modelling is based on economic rationales underlying the 
sales comparison and the hedonic approaches.

The Hedonic Approach
In essence, the hedonic approach is a variant of the sales comparison method 
[see IVSC 2001, p. 43] that provides a systematic framework utilising statistical 
methodology for assessing the necessary adjustment values commonly known 
as hedonic prices of a property without the need of weighting indicated values 
individually [Schulz, 2003, pp. 12-13]. The fundamental idea underlying the 
hedonic approach concerns the hedonic hypothesis: Each property can be 
characterized by the set of all its utility-bearing attributes or characteristics 
[Rosen, 1974]. The major implication is that an observed price should be modelled 
statistically in terms of a small number of fundamental characteristics rather than 
analysed in terms of a large number of similar or close substitute properties.

Hedonic hypothesis therefore implies the following statistical model for the 
observed prices [Brachinger, 2003]:

Thus an observable price
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on hedonic prices appears to be that hedonic functions tend to exhibit nonlinearity 
due to their locational uniqueness that leads to tie-in sales [Wallace, 1996]. 

Several parametric forms have successfully been employed in the past, 
which are of direct relevance to this study [Witte et al., 1979; Palmquist, 1984; 
Cropper et al., 1988; Hiltunen 2003; Francke & Vos, 2004]. Nevertheless, in 
practice the choice has often been either a linear model or multiplicative form of 
double-log model1, which both are special cases of a more general Box-Cox 
transformation. 

Linear Model
The simplest model structure is the linear approach:

In many cases this simple form is too restrictive, if phenomena in real estate 
markets are modelled [Goodman, 1978; Colwell & Munneke, 1997; inter alia]. 

Double-log Model
Perhaps the most popular choice in applied land value studies has been [Thorsnes 
& McMillen, 1998; Hiltunen, 2003] the power function or double-log approach:

This multiplicative form of double-log model has the constant-elasticity 
property with the advantage that the hedonic prices are independent of the unit 
of measurement [Lau, 1986]. This model structure is intrinsically linear, since the 
double-log transformation leads to a model, which is linear in parameters. 

Sometimes the feature of multiplying the powers of explanatory variables 
together is tentatively undesirable and as reconciliation the mutual effect of 
regressors is expected to be additive, rather than multiplicative [Francke & Vos, 
2004]. In this case, the original double-log model specification modifies to:

1 Semi-log models, where only the response is transformed to the logarithmic scale, are also widely 
applied, albeit this practice is problematic, and thus not considered here, mainly because it biases 
mean land prices when back-transformation is made to the original scale.

5

parsimonious model, which has orthogonal regressors and satisfies the necessary conditions 
for both congruence and encompassing. However, the primary implication of the literate of 
hedonic prices appears to be that hedonic functions tend to exhibit nonlinearity due to their 
locational uniqueness that leads to tie-in sales [Wallace, 1996].  

Several parametric forms have successfully been employed in the past, which are of direct 
relevance to this study [Witte et al., 1979; Palmquist, 1984; Cropper et al., 1988; Hiltunen 
2003; Francke & Vos, 2004]. Nevertheless, in practice the choice has often been either a 
linear model or multiplicative form of double-log model1, which both are special cases of a 
more general Box-Cox transformation.  

Linear Model 

The simplest model structure is the linear approach:

i

s

j
ijj

k

j
ijji dxp ���� ���� ��

�� 11
0 ni ��   . 

In many cases this simple form is too restrictive, if phenomena in real estate markets are 
modelled [Goodman, 1978; Colwell & Munneke, 1997; inter alia].

Double-log Model 

Perhaps the most popular choice in applied land value studies has been [Thorsnes & 
McMillen, 1998; Hiltunen, 2003] the power function or double-log approach:

i

s
j jijkiijjj eexxxeeexep

d

ikii

k

j

s

j

d
iji

���������� � ����� � �
� �

12100
21

1 1

� ni ��   . 

This multiplicative form of double-log model has the constant-elasticity property with the 
advantage that the hedonic prices are independent of the unit of measurement [Lau, 1986]. 
This model structure is intrinsically linear, since the double-log transformation leads to a 
model, which is linear in parameters.  

Sometimes the feature of multiplying the powers of explanatory variables together is 
tentatively undesirable and as reconciliation the mutual effect of regressors is expected to be 
additive, rather than multiplicative [Francke & Vos, 2004]. In this case, the original double-
log model specification modifies to: 

� � i

s
j jij eexp

dk
j jiji

���� � ��� �
10

1

                                                
1 Semi-log models, where only the response is transformed to the logarithmic scale, are also widely applied, 
albeit this practice is problematic, and thus not considered here, mainly because it biases mean land prices when 
back-transformation is made to the original scale. 5

parsimonious model, which has orthogonal regressors and satisfies the necessary conditions 
for both congruence and encompassing. However, the primary implication of the literate of 
hedonic prices appears to be that hedonic functions tend to exhibit nonlinearity due to their 
locational uniqueness that leads to tie-in sales [Wallace, 1996].  

Several parametric forms have successfully been employed in the past, which are of direct 
relevance to this study [Witte et al., 1979; Palmquist, 1984; Cropper et al., 1988; Hiltunen 
2003; Francke & Vos, 2004]. Nevertheless, in practice the choice has often been either a 
linear model or multiplicative form of double-log model1, which both are special cases of a 
more general Box-Cox transformation.  

Linear Model 

The simplest model structure is the linear approach:

i

s

j
ijj

k

j
ijji dxp ���� ���� ��

�� 11
0 ni ��   . 

In many cases this simple form is too restrictive, if phenomena in real estate markets are 
modelled [Goodman, 1978; Colwell & Munneke, 1997; inter alia].

Double-log Model 

Perhaps the most popular choice in applied land value studies has been [Thorsnes & 
McMillen, 1998; Hiltunen, 2003] the power function or double-log approach:

i

s
j jijkiijjj eexxxeeexep

d

ikii

k

j

s

j

d
iji

���������� � ����� � �
� �

12100
21

1 1

� ni ��   . 

This multiplicative form of double-log model has the constant-elasticity property with the 
advantage that the hedonic prices are independent of the unit of measurement [Lau, 1986]. 
This model structure is intrinsically linear, since the double-log transformation leads to a 
model, which is linear in parameters.  

Sometimes the feature of multiplying the powers of explanatory variables together is 
tentatively undesirable and as reconciliation the mutual effect of regressors is expected to be 
additive, rather than multiplicative [Francke & Vos, 2004]. In this case, the original double-
log model specification modifies to: 

� � i

s
j jij eexp

dk
j jiji

���� � ��� �
10

1

                                                
1 Semi-log models, where only the response is transformed to the logarithmic scale, are also widely applied, 
albeit this practice is problematic, and thus not considered here, mainly because it biases mean land prices when 
back-transformation is made to the original scale. 

5

parsimonious model, which has orthogonal regressors and satisfies the necessary conditions 
for both congruence and encompassing. However, the primary implication of the literate of 
hedonic prices appears to be that hedonic functions tend to exhibit nonlinearity due to their 
locational uniqueness that leads to tie-in sales [Wallace, 1996].  

Several parametric forms have successfully been employed in the past, which are of direct 
relevance to this study [Witte et al., 1979; Palmquist, 1984; Cropper et al., 1988; Hiltunen 
2003; Francke & Vos, 2004]. Nevertheless, in practice the choice has often been either a 
linear model or multiplicative form of double-log model1, which both are special cases of a 
more general Box-Cox transformation.  

Linear Model 

The simplest model structure is the linear approach:

i

s

j
ijj

k

j
ijji dxp ���� ���� ��

�� 11
0 ni ��   . 

In many cases this simple form is too restrictive, if phenomena in real estate markets are 
modelled [Goodman, 1978; Colwell & Munneke, 1997; inter alia].

Double-log Model 

Perhaps the most popular choice in applied land value studies has been [Thorsnes & 
McMillen, 1998; Hiltunen, 2003] the power function or double-log approach:

i

s
j jijkiijjj eexxxeeexep

d

ikii

k

j

s

j

d
iji

���������� � ����� � �
� �

12100
21

1 1

� ni ��   . 

This multiplicative form of double-log model has the constant-elasticity property with the 
advantage that the hedonic prices are independent of the unit of measurement [Lau, 1986]. 
This model structure is intrinsically linear, since the double-log transformation leads to a 
model, which is linear in parameters.  

Sometimes the feature of multiplying the powers of explanatory variables together is 
tentatively undesirable and as reconciliation the mutual effect of regressors is expected to be 
additive, rather than multiplicative [Francke & Vos, 2004]. In this case, the original double-
log model specification modifies to: 

� � i

s
j jij eexp

dk
j jiji

���� � ��� �
10

1

                                                
1 Semi-log models, where only the response is transformed to the logarithmic scale, are also widely applied, 
albeit this practice is problematic, and thus not considered here, mainly because it biases mean land prices when 
back-transformation is made to the original scale. 



36 On the Recursive Estimation of Hedonic Prices of Land Nordic Journal of Surveying and Real Estate Research Volume 2, Number 2, 2005

where the coefficient for

6

where the coefficient for 11 �� , which is an identification restriction. This is an additive form 
of double-log model. The formulation is intrinsically a nonlinear specification and thus 
nonlinear estimation techniques are needed to derive the hedonic prices2.

Translog Model 

In the translog, or the transcendental logarithmic, model the assumption of a unitary elasticity 
of substitution between the goods is relaxed [Greene 1993, p. 209 & pp. 503-507]. A 
conventional double-log model is obtained by the restriction that all the parameters relating to 
second-order interactions of model variables are zero. From the perspective of land markets 
the underlying theoretical rationale of translog model is convenient since land parcels are 
heterogeneous products that cannot be considered as perfect substitutes. However, some 
problems are encountered with this formulation (as opposed to the common double-log 
model):

� Interpretation of model parameters is a bit more difficult;  
� Amount of data needed to reliable estimate the necessary parameters increases; 
� Potential multicollinearity.     

A translog model can be formulated as: 

,

which undergoes a logarithmic transformation for estimation purposes. 

Equilibrium Correction Model 

Linear model, double-log models and translog model can be understood as representations of 
the class of static regression models, which can adequately be used for modelling stationary 
processes. Equilibrium (or error) correction mechanisms are generalisations of standard 
growth-rate models, where modelling is carried out in differenced values instead of the 
original levels, combined with an appropriate error correction term. These error correction 
models can separate the impact effect, the feedback effect and the long-run response. A 
standard error correction model can be formulated as: 
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where �  denotes an error correction parameter vector; 1�iz represents a linear combination of 

attributes that possess a long-term relation to response vector and �  is a difference operator. 
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is a difference operator.

Recursive Least Squares Estimation
Recursive least squares is an application of the Kalman filter with a special 
transition and prediction equation. It can be interpreted as a regression analysis with 
constant parameters, and the Kalman filter updating formulae will indicate how the 
ordinary least squares estimator can be computed recursively when observations 
are added one by one in the temporal order. [Harvey, 1993, pp. 98-100]

Recursive least squares has a number of attractions. Firstly it enables changes 
in the parameters to tracked over time and secondly, it produces recursive residuals 
that are uncorrelated given the classical assumptions. It should also be stressed 
that once a regression model has been estimated from the first  observations, it 
can easily be updated as each new subsequent observation is added to the data set 
[Harvey, 1990, pp. 52-53]. 

From the perspective of land prices it is this last feature of recursive least 
squares that can be utilised in a small sample estimation of the hedonic prices. The 
philosophy is, at first, to estimate a general hedonic model e.g. at the municipality 
level and then use these estimation results as a prior information in a sub-market 
level, where the scarcity of observations otherwise prevents the usual off-line 
determination of the necessary hedonic coefficients. 

Plackett’s formulae
Let us consider a classical linear regression model [e.g. Greene, 1993, pp. 
170-172]:

Now let us specify the following notations [Rahiala, 1999, pp. 37-40]:
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When increasing the sample by one observation and applying the formula 
due to Sherman-Morrison-Woodbury, it follows that [Rahiala, 1999, pp. 37-40]:

When this result is placed in the formula of OLS estimator [Rahiala, 1999, 
pp. 37-40]:

Collecting the update equations, the following formulae result [Harvey, 1990, 
pp. 52-54; Rahiala, 1999, pp. 37-40; Hendry & Doornik, 2001, pp. 195-196]:

The equations (1) –(5) are often called Plackett’s formulae [Plackett, 1950]. 

Recursive Residuals
One-step ahead prediction errors have the following characteristics [Harvey, 
1990, pp. 54-55; Rahiala, 1999, pp. 37-40]:
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Under the null hypothesis tw  has zero mean and variance that approximately equals the 
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Confidence bounds can be obtained along the similar lines to the CUSUM test and can be 
found in [Harvey, 1990]. The main difference between the CUSUM and CUSUMSQ statistics 
are that the former investigates whether the mean of a process tp  changes over time whereas 

the latter tries to detect changes in the variance of a process tp  through time.  

Estimation of Hedonic Prices 

In hedonic modelling of land prices there are, at least, three fundamental problems: 

(1) How to determine characteristics vector typical for a land parcel; 
(2) How to specify the hedonic function; 
(3) Choice of an adequate error distribution. 

Estimation of hedonic prices and statistical inference can only proceed, in a parametric sense, 
as these are known. Unfortunately, the hedonic theory of land prices is not specific enough to 
completely answer any of the mentioned model specification dilemmas - often the choice in 
practice has been dictated by a matter of convenience. The key implication of hedonics seems, 
however, to be that some sort of allowance for nonlinear behaviour of land prices ought to be 
made [e.g. Wallace, 1996; Thorsnes and McMillen, 1998]. The genuine problem in practice is 
our incomplete knowledge that does not lend our understanding for exact formulation of this 
nonlinear relation a priori. The final criterion rests, ultimately, on model’s congruence, or 
empirical adequacy, that has to be assessed and verified by market evidence, i.e. by available 
facts.

Description of the Data 

Empirical studies of land prices are highly sensitive to changes of data being analysed, i.e. 
different submarket, time period and land use can lead to widely differing results even in the 
context of unified methodology. The spatio-temporal dependency of hedonic prices (of a 
certain land type) causes inherently model specification to be a complex issue to be tackled in 
a proper fashion and some experimentation of different hedonic model structures is usually a 
necessity. In this study observations consist of arm’s length sales prices of vacant sites 
without a local detailed plan, i.e. they represent undeveloped land that has not yet reach their 
highest and best use. The choice of relevant attribute variables is based on previous empirical 
knowledge of the phenomenon and could be termed here as, more or less, a fixed set covering 
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Under the null hypothesis tw  has zero mean and variance that approximately equals the 

number of residuals being summed. The test is to plot tw  against t . Confidence bounds for 

the sum are obtained by plotting the lines [Harvey, 1990, p. 153]: 
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practice has been dictated by a matter of convenience. The key implication of hedonics seems, 
however, to be that some sort of allowance for nonlinear behaviour of land prices ought to be 
made [e.g. Wallace, 1996; Thorsnes and McMillen, 1998]. The genuine problem in practice is 
our incomplete knowledge that does not lend our understanding for exact formulation of this 
nonlinear relation a priori. The final criterion rests, ultimately, on model’s congruence, or 
empirical adequacy, that has to be assessed and verified by market evidence, i.e. by available 
facts.

Description of the Data 

Empirical studies of land prices are highly sensitive to changes of data being analysed, i.e. 
different submarket, time period and land use can lead to widely differing results even in the 
context of unified methodology. The spatio-temporal dependency of hedonic prices (of a 
certain land type) causes inherently model specification to be a complex issue to be tackled in 
a proper fashion and some experimentation of different hedonic model structures is usually a 
necessity. In this study observations consist of arm’s length sales prices of vacant sites 
without a local detailed plan, i.e. they represent undeveloped land that has not yet reach their 
highest and best use. The choice of relevant attribute variables is based on previous empirical 
knowledge of the phenomenon and could be termed here as, more or less, a fixed set covering 
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Estimation of hedonic prices and statistical inference can only proceed, in a 
parametric sense, as these are known. Unfortunately, the hedonic theory of land 
prices is not specific enough to completely answer any of the mentioned model 
specification dilemmas - often the choice in practice has been dictated by a matter 
of convenience. The key implication of hedonics seems, however, to be that some 
sort of allowance for nonlinear behaviour of land prices ought to be made [e.g. 
Wallace, 1996; Thorsnes and McMillen, 1998]. The genuine problem in practice 
is our incomplete knowledge that does not lend our understanding for exact 
formulation of this nonlinear relation a priori. The final criterion rests, ultimately, 
on the model’s congruence, or empirical adequacy, that has to be assessed and 
verified by market evidence, i.e. by available facts.

Description of the Data
Empirical studies of land prices are highly sensitive to changes of data being 
analysed, i.e. different submarket, time period and land use can lead to widely 
differing results even in the context of unified methodology. The spatio-temporal 
dependency of hedonic prices (of a certain land type) causes inherently model 
specification to be a complex issue to be tackled in a proper fashion and some 
experimentation of different hedonic model structures is usually a necessity. In 
this study observations consist of arm’s length sales prices of vacant sites without 
a local detailed plan, i.e. they represent undeveloped land that has not yet reached 
their highest and best use. The choice of relevant attribute variables is based on 
previous empirical knowledge of the phenomenon and could be termed here as, 
more or less, a fixed set covering only the most important ones in order to enchain 
model parsimony; some local distance measures, not to mention different metrics 
or inverse measures of proximity, complex interactions, many qualitative features, 
neighbourhood attributes etc. are ignored as they are not the main locus here. Each 
observation was screened and pre-checked by National Land Survey of Finland to 
ensure them to be genuine arm’s length transactions.

The empirical study focuses on a single locality, the municipality of Espoo, a 
growing city, which lies inside the Helsinki metropolitan area with circa 225 000 
habitants. The study period is from January 1990 to December 2001, which covers 
periods of upward and especially rapid downward movements of land prices, with 
total number of observations being 405. In that period the Finnish economy has 
experienced a great depression, which has had a major influence on land prices 
also. The observations from the last year (total of 39) are held back for post-sample 
stability testing; a choice which is a somewhat arbitrary and mainly dictated by 
practical valuation concerns. The dependent land price variable analysed in the 
paper is the logarithmic and untransformed sale price of a land per square meter 
(€/m2, a unit price). Furthermore, these values are differenced when dynamic 
responses are analysed via error correction models. These all untransformed or 
transformed land prices are referred to as square prices.
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Specifically, the chosen set of explanatory variables consists of:
• Parcel size (area in square meters),
• L2-Distance (straight line distance) to the CBD of Helsinki 
 (in kilometres),
• Quarterly price index of single-family houses in the Finnish 
 Metropolitan area, 
• Time dummy (=0 before year 1995; 1 otherwise)
• Type of a parcel (=0 if whole site; 1 otherwise)
• Interaction terms of area and distance variables.
It should be noted that the time dummy variable is an artificial construct 

and is included in the set of regressors merely since in the Finnish land value 
applications it is not recommended to use time periods beyond five years 
[Virtanen, 1990]. Interaction terms are restricted at the outset only to cover the 
co-movement of area and distance values along with their corresponding squared 
main effects. More general interaction terms tend to produce highly collinear 
results, which confound or prevent much of the classical inference.    

Descriptive Statistics

Table 1. Some common sample statistics of quantitative variables of the study. 

Variable (unit) Arithmetic 
mean

Minimum Maximum Standard
Deviation

Price (€) 62574.76 17.00 986473.00 82075.83
Square price (€/m2) 23.61 0.0080 152.24 20.89

Parcel size (m2) 4200.40 288.75 28400.00 4598.92
Distance to the CBD of 

Helsinki (km)
17.21 7.61 27.29 4.33

Quarterly price index 
of single-family houses

153.99 116.81 187.27 22.39

In the table 1 is presented some standard sample statistics for the quantitative 
variables of the study with the full set of observations (405).

Estimation and Model Specification Results

Classical Linear Model
The main estimation results for the linear model structure are collected into the 
tables 2 and 3. In essence, the overall fit is very poor: Estimated hedonic model 
manifests all sorts of symptoms of miss-specification. In particular:

• Coefficient of determination (R2) and coefficient of variation (CVr)3 
statistics are significantly worse than those requested in land value 
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applications; R2 is almost 30% below the often applied target value (0.70) 
and CVr is over twice as much as the critical value (0.30) used in many 
land value applications. 

• Residuals are non-normal, heteroskedastic and autocorrelated. These 
salient features are witnessed by very low p-values, respectively, of 
normality test, Heteroskedasticity test / Heteroskedasticity-X test and 
Autoregressive 1-2 test (along with the value of Durbin-Watson statistic) 
statistics.

• Functional form is incorrect as evidenced by the RESET test statistic. It 
might be indicative that more flexible functional forms are needed.

• Parameters are unstable with non-zero innovation error. These aspects 
are witnessed by Failure Chi^2 / Chow F test and CUSUM t statistics, 
respectively, whose p-values are statistically highly significant.

Autoregressive conditional heteroskedasticity as indicated by the auto-
regressive conditional heteroskedasticity 1-1 test is the only feature of miss-
specification that is missing in the table 1. Two potential outliers were detected 
but their removal would lower the model’s data-congruence even further. As a 
consequence, those points were included into the final data set and, subsequently, 
used for model estimation. Table 2 also reveals that there is a very strong statistical 
relation (t-value is circa 18.9) between square price and price index variables, i.e. 
house prices seem to be a major determinant of land price fluctuations. Whether 
this is a genuine cause-effect relationship remains an open issue, i.e. it could 
be, for example, that there is a 3rd variable, which causes the strong observable 
association and confounds the inferences. Furthermore, one should consider that 
the house price index is an aggregate measure, which might as such confound the 
inferences. It should also be noticed from the table 1 that the coefficient of variation 
of that variable is very low (15%) which - again - could distort the analysis.  

Table 2. Estimated Hedonic Prices.

Variable Coefficient Std. Error t-value p-value
Parcel size -0.0015 0.0001865 -7.87 0.000
Distance -1.69 0.2061 -8.19 0.000

Price Index 0.40 0.02130 18.9 0.000
Time Dummy -4.94 1.785 -2.77 0.006

3 The coefficient of variation is more comparable statistic than the standard error of regression, 
if untransformed square prices are analysed, which is obtained by dividing the standard error of 
regression (sr ) by the corresponding mean value of the response from the table 1.  However, only 
the standard error of regression is reported in the tables as it is a conventional practice in land 
value studies.
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Table 3. Congruence Statistics.

Coefficient of Determination (uncentered) 0.41
Standard Error of Regression 15.44
Durbin-Watson test statistic 1.64
Autoregressive 1-2 test 7.8882 [0.0004]**
Autoreg. Conditional Heteroskedasticity 1-1 test 3.1569 [0.0765]
Normality test 152.39 [0.0000]**
Heteroskedasticity test 4.0445 [0.0003]**
Heteroskedasticity-X test 3.3192 [0.0001]**
RESET test 23.884 [0.0000]**
Forecast Chi^2(39) 71.222 [0.0012]**
Chow F(39,360) 1.7792 [0.0038]**
CUSUM t(38)    -2.766 [0.0087]**

Double-log Model (Multiplicative)
The main estimation results of the multiplicative double-log model form are 
reported in the tables 4 and 5, which show a clear overall improvement over the 
linear model; Specifically the estimated parameters are now reasonably stable 
(p-values of the corresponding test statistics are circa 0.2) and results are not 
disturbed by residual autocorrelation (as indicated by the p-value of about 0.2 
of the relevant test statistic). However, there still exist significant specification 
errors, since:

• Coefficient of determination (R2) and standard error of regression 
(sr) statistics are still inferior than those of requested in land value 
applications; R2 is over 10% below the usual target value (0.70) and sr 
exceeds significantly the common critical value (0.30) used in land value 
applications.

• Residuals are non-normal and potentially heteroskedastic; the two 
different heteroske-dasticity indicators give mixed and indecisive results 
at the standard risk level.

• Functional form is incorrect at the usual error tolerance level. This could 
again indicate that more flexible functional forms are needed.

• Innovations have non-zero mean, i.e. they are statistically significant 
from zero.

One potential outlier was detected but not removed as this would lead to 
an impairment of model’s data-congruence. Table 4 also indicates that the house 
price index would be a major determinant of land price fluctuations (given the 
possibility of 3rd variable confounding, inter alia), since the corresponding t-value 
exceeds 25.
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Table 4. Estimated Hedonic Prices.

Variable Coefficient Std. Error t-value p-value
Parcel size -0.79 0.04918 -16.1 0.000
Distance -1.19          0.1606 -7.42 0.000
Price Index 2.50 0.09656 25.9 0.000
Type of a Parcel -0.37 0.07782 -4.74 0.000

Table 5. Congruence Statistics.

Coefficient of Determination (uncentered) 0.58
Standard Error of Regression 0.71
Durbin-Watson test statistic 1.82
Autoregressive 1-2 test 1.5580 [0.2120]
Autoreg. Conditional Heteroskedasticity 1-1 test 0.0736 [0.7862]
Normality test 208.11 [0.0000]**
Heteroskedasticity test 1.8845 [0.0711]
Heteroskedasticity-X test 2.2125 [0.0089]**
RESET test 6.2603 [0.0128]*
Forecast Chi^2(39) 46.442 [0.1925]
Chow F(39,360)    1.1592 [0.2436]
CUSUM t(38)    -3.071 [0.0039]**

Table 6. Estimated Hedonic Prices.

Variable Coefficient Std. Error t-value p-value
Constant 0.70 0.01959 35.7 0.000
Parcel size -0.0044 0.0003759 -11.6 0.000
Distance -1.81 0.3017 -5.99 0.000
Type of a Parcel -0.30 0.09888 -3.07 0.002
Time Dummy -0.44 0.1011 -4.39 0.000

 Table 7. Congruence Statistics.

Coefficient of Determination NA
Standard Error of Regression 0.91
Durbin-Watson test statistic 1.91
Autoregressive 1-2 test 0.2245 [0.7990]
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Autoreg. Conditional Heteroskedasticity 1-1 test 0.0289 [0.8651]
Normality test 128.20 [0.0000]**
Heteroskedasticity test 1.7207 [0.0923]
Heteroskedasticity-X test 1.7595 [0.0289]*
RESET test NA
Forecast Chi^2(39) 53.033 [0.0663]
Chow F(39,360)    1.3336 [0.0941]
CUSUM t(38)    NA

Double-log Model (Additive)
The core of estimation results of the additive double-log model form are reported 
in the tables 6 and 7, which are similar (apart from the hedonic prices) to the 
multiplicative model structure, albeit the estimated model is not as accurate as 
the multiplicative counterpart since the standard error of regression is higher 
and subsequent post-sample predictions have larger errors. Most strikingly, the 
estimated parameter vector appear to be much more unstable now, although 
formally the null hypothesis of stability cannot be rejected at conventional risk 
levels. In a similar vain to common double-log model, the residuals are here non-
normal and potentially heteroskedastic (again the two test statistics give indecisive 
information). The coefficient of the price index variable was restricted at the 
outset to equal one, which is an identification restriction. There is one potential 
outlier in the estimation sample, but was not removed as this would significantly 
weaken the diagnostic measures. 

Translog Model
Co-variability terms between area and distance variables appeared to be 
statistically insignifi-cant explanatory variables and, as a consequence, estimated 
translog model reduced to that of the multiplicative form of double-log model.  

Equilibrium Correction Mechanisms

Linear Model
One of the main virtues of equilibrium correction models is that they can effectively 
separate between short-run and long-term dynamics. It has been empirically 
observed that equilibrium correction mechanisms can increase the explanatory 
power of a given hedonic model and usually uncover new relationships present in 
the data [Tulaca et al., 2000].    

Estimation results for the classical linear model are collected into the tables 
8 and 9. They show clear improvement over the linear model, but still suffer from 
non-normal disturbances and non-constant parameters. These departures from 
classical assumptions are statistically highly significant. The estimated model 
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seems, however, to possess the important property of predictive unbiasedness (as 
witnessed by CUSUM t test statistic and the associated p-value of circa 0.10). 

Estimated equilibrium correction mechanism, which results from the 
conventional least squares residuals (lagged by one observation), can be 
expressed as:

Two potential outlying observations were detected but not removed from the 
model as this would lead to inferior model congruence. Table 8 indicates that error 
correction term would be statistically the most significant factor, with t-value over 
15, determining land price fluctuations.  

Table 8. Estimated Hedonic Prices.

Variable Coefficient Std. Error t-value p-value
Parcel size -0.0015 0.0001335 -11.2 0.000
Distance -1.83 0.1662 -11.0 0.000
Error Correction -0.81 0.05185 -15.6 0.000

Table 9. Congruence Statistics.

Coefficient of Determination (uncentered) 0.64
Standard Error of Regression 15.14
Durbin-Watson test statistic 2.01
Autoregressive 1-2 test 1.0150   [0.3634]
Autoreg. Conditional Heteroskedasticity 1-1 test 0.78839 [0.3752]
Normality test 156.10   [0.0000]**
Heteroskedasticity test 0.26899 [0.9512]
Heteroskedasticity-X test 0.22945 [0.9901]
RESET test 0.11228 [0.7378]
Forecast Chi^2(39) 70.262   [0.0016]**
Chow F(39,360) 1.7692   [0.0041]**
CUSUM t(38) -1.707   [0.0959]

Double-log Model (Multiplicative)
Here only the estimation results for multiplicative form of double-log model 
are documented in the tables 10 and 11. In essence, they satisfy most of the 
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Two potential outlying observations were detected but not removed from the model as this 
would lead to inferior model congruence. Table 8 indicates that error correction term would be 
statistically the most significant factor, with t-value over 15, determining land price fluctuati-
ons.

Variable Coefficient Std. Error t-value p-value 
Parcel size -0.0015 0.0001335 -11.2 0.000 
Distance -1.83 0.1662 -11.0 0.000 
Error Correction -0.81 0.05185 -15.6 0.000 

 Table 8. Estimated Hedonic Prices. 



48 On the Recursive Estimation of Hedonic Prices of Land Nordic Journal of Surveying and Real Estate Research Volume 2, Number 2, 2005

congruence requirements. The residuals are, however, non-normal and a small, 
but systematic prediction error is still present. Standard error of regression is also 
significantly higher, over twice as much, than the usual limiting value of 0.30 
reflecting the heterogeneous nature of land prices. 

Estimated equilibrium correction mechanism, which results from the ordinary 
least squares residuals (lagged by one observation), can be expressed as:

One potential outlying observation was detected but not removed from the 
model as this would lead to inferior congruence statistics. Table 10 indicate that, 
respectively, parcel size, error correction and distance would be statistically the 
most significant determinants of land prices. The estimated hedonic prices appear 
plausible in signs, magnitudes and in statistical significance of corresponding 
variables. 

Table 10. Estimated Hedonic Prices.

Variable Coefficient Std. Error t-value p-value
Constant 0.15 0.05154 2.94 0.004
Parcel size -0.77 0.03786 -20.4 0.000
Distance -1.22 0.1363 -8.97 0.000
Error Correction -0.92 0.05577 -16.5 0.000
Type of a Parcel -0.32 0.07921 -4.08 0.000

Table 11. Congruence Statistics.

Coefficient of Determination 0.75
Standard Error of Regression 0.74
Durbin-Watson test statistic 1.99
Autoregressive 1-2 test 0.87313 [0.4185]
Autoreg. Conditional Heteroskedasticity 
1-1 test

0.01164 [0.9142]

Normality test 194.73   [0.0000]**
Heteroskedasticity test 0.51724 [0.8215]
Heteroskedasticity-X test 0.30636 [0.9909]
RESET test 1.5627   [0.2121]
Forecast Chi^2(39) 46.546   [0.1896]
Chow F(39,360) 1.1439   [0.2622]
CUSUM t(38) -2.664   [0.0113]*
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Coefficient of Determination (uncentered) 0.64 
Standard Error of Regression 15.14 
Durbin-Watson test statistic 2.01 
Autoregressive 1-2 test 1.0150   [0.3634] 
Autoreg. Conditional Heteroskedasticity 1-1 test 0.78839 [0.3752] 
Normality test 156.10   [0.0000]** 
Heteroskedasticity test 0.26899 [0.9512] 
Heteroskedasticity-X test 0.22945 [0.9901] 
RESET test 0.11228 [0.7378] 
Forecast Chi^2(39) 70.262   [0.0016]** 
Chow F(39,360) 1.7692   [0.0041]** 
CUSUM t(38) -1.707   [0.0959] 
Table 9. Congruence Statistics. 

Double-log Model (Multiplicative) 

Here only the estimation results for multiplicative form of double-log model are documented 
in the tables 10 and 11. In essence, they satisfy most of the congruence requirements. The 
residuals are, however, non-normal and a small, but systematic prediction error is still present. 
Standard error of regression is also significantly higher, over twice as much, than the usual 
limiting value of 0.30 reflecting the heterogeneous nature of land prices.

Estimated equilibrium correction mechanism, which results from the ordinary least squares 
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One potential outlying observation was detected but not removed from the model as this 
would lead to inferior congruence statistics. Table 10 indicate that, respectively, parcel size, 
error correction and distance would be statistically the most significant determinants of land 
prices. The estimated hedonic prices appear plausible in signs, magnitudes and in statistical 
significance of corresponding variables.

Variable Coefficient Std. Error t-value p-value 
Constant 0.15 0.05154 2.94 0.004 
Parcel size -0.77 0.03786 -20.4 0.000 
Distance -1.22 0.1363 -8.97 0.000 
Error Correction -0.92 0.05577 -16.5 0.000 
Type of a Parcel -0.32 0.07921 -4.08 0.000 
Table 10. Estimated Hedonic Prices.
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Structural Stability of Hedonic Prices
The critical factor that eventually determines much of the utility of parametric 
hedonic models in practical applications is the question of constant parameters. 
In order to tackle the problem of induction successfully, given the sub-market, 
the estimated hedonic model has to possess reasonably stable hedonic prices. This 
issue of structural stability is investigated in this section more profoundly for the 
equilibrium correction mechanism of multiplicative form of double-log model, 
which appeared as the most adequate description of the hedonic prices among the 
different model contenders in the previous section, i.e. most of the congruence 
requirements were satisfied (see table 11). 

In the figure 1 is presented the exact, i.e. the disaggregated time evolution of 
estimated hedonic prices based on recursive least squares estimation technique. All 
the figures 1-5, I emphasise this aspect, use disaggregated time-series data since 
sufficient statistics for aggregation were not available for this empirical section. It 
can be seen from the figure 1 that the distance parameter is highly stable through 
out the estimation period, whereas hedonic prices of constant term, error correction 
and parcel type variables settle shortly after the initialisation period. However, the 
parameter of parcel size appears as non-constant over time and does not settle 
to any fixed, discernible level (there is, in fact, a clear downward trend over the 
disaggregated time interval). Table 12 reports formal parameter instability tests due 
to [Hansen, 1992]. They reveal much of the same, albeit more limited, information 
as graphical recursive parameter estimates: at the standard (5%) risk level we can 
reject the null hypothesis about the stability of the parcel size parameter.

Table 12. Instability tests.

Variance instability test 0.16594
Joint parameter instability test 1.2914
Constant parameter instability test 0.13496
Area parameter instability test 0.78997*
Distance parameter instability test 0.13590
Error Correction parameter instability 
test

0.16324

Parcel Type parameter instability test 0.11935

Figure 2 shows an important aspect of characteristics variables: their 
statistical significance appears to be strongly time-dependent. Specifically, 
statistical significance of parcel size, distance, error correction and parcel type 
variables has increased dramatically over the sample period. For example, 
the statistical magnitude of error correction term has grown over 500% in the 
estimation period of 1990-2000. However, it should be stressed that the number 
of observations is increasing as time evolves and, in consequence, the increased 
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statistical significance over time could, at least partly, follow from the manner the 
usual t-test statistic is constructed (sample size is intimately related to the test of 
significance). 

Figure 1. Time evolution of hedonic prices (hedonic prices on vertical axes).

Figure 2. Time evolution of statistical significance of characteristics variables (stochastic 
t-values on vertical axes).
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Figure 3. CUSUM and CUSUMSQ tests.

Figure 4. CUSUM for post-sample predictions.

Figure 5. Forecasts versus actual square prices.
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Figure 3 plots the CUSUM and CUSUMSQ test statistics. They indicate that no statistically 
significant, discernable change has occurred in the mean of the process, whereas there is some 
evidence of the non-constant variance. This conflicts to some degree with the information 
obtained from the previous instability tests. The reason lies in the fact that the CUSUMSQ 
cannot here effectively separate the pieces of information between intrinsic structural breaks 
and potential outliers. In the figure 4 is depicted the post-sample CUSUM graph, which shows 
that there exist some systematic over-pricing in the chosen model type although this does not 
go over the critical bounds. Figure 5 shows that there are three separate instances where 
observed prices lie outside the prediction interval. Otherwise the correlation between actual 
outcomes and forecasts is quite high, which depends here, naturally, about the way correlation 
is defined.
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Figure 5. Forecasts versus actual square prices.

Small Sample Estimation of Hedonic Prices 

When considering land markets, in which products are highly differentiated, at least in terms 
of locality of markets, it is often useful to first estimate a larger hedonic model e.g. at the 
municipality level. The results of this general estimation, namely the estimated hedonic prices 
and their covariance structure, can be utilised in estimating the necessary coefficients in more 
detailed or sub-market level, where a full model could not be estimated directly by ordinary 
least squares with reasonable precision due to scarcity of the price information. Recursive 
estimation option, by contrast, enables the determination of hedonic prices in a sub-market 
level, where only a few observations are available. It is important to notice that the small 
sample observations are included in the larger hedonic model (otherwise the results would 
mimic the performance of ordinary least squares estimation). 
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Figure 3 plots the CUSUM and CUSUMSQ test statistics. They indicate that no 
statistically significant, discernable change has occurred in the mean of the process, 
whereas there is some evidence of the non-constant variance. This conflicts to 
some degree with the information obtained from the previous instability tests. The 
reason lies in the fact that the CUSUMSQ cannot here effectively separate the 
pieces of information between intrinsic structural breaks and potential outliers. 
In the figure 4 is depicted the post-sample CUSUM graph, which shows that 
there exist some systematic over-pricing in the chosen model type although this 
does not go over the critical bounds. Figure 5 shows that there are three separate 
instances where observed prices lie outside the prediction interval. Otherwise the 
correlation between actual outcomes and forecasts is quite high, which depends 
here, naturally, on the way correlation is defined.      

Small Sample Estimation of Hedonic Prices
When considering land markets, in which products are highly differentiated, at 
least in terms of locality of markets, it is often useful to first estimate a larger 
hedonic model e.g. at the municipality level. The results of this general estimation, 
namely the estimated hedonic prices and their covariance structure, can be utilised 
in estimating the necessary coefficients in more detailed or sub-market level, 
where a full model could not be estimated directly by ordinary least squares with 
reasonable precision due to scarcity of the price information. Recursive estimation 
option, by contrast, enables the determination of hedonic prices in a sub-market 
level, where only a few observations are available. It is important to notice that the 
small sample observations are included in the larger hedonic model (otherwise the 
results would mimic the performance of ordinary least squares estimation).

Using the recursive least squares estimation technique, two more detailed, 
sub-market level hedonic models are estimated for the time period of 1990-2000 
with, respectively, only 9 and 12 observations. These two re-specified models are 
documented in the tables 13 and 14. In essence, the estimated hedonic prices are 
highly similar between these two local models, albeit both show a change with 
respect to a general model in the effect of distance variable and that coefficient 
of determinations and standard errors of regression are different between local 
models.
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 Table 13. Local model for the village of Bemböle.

Variable Coefficient Std. Error t-value
Constant 0.18 0.06856 2.63

Area -0.74 0.05 -14.73
Distance -1.35 0.1876 -7.21

Error Correction -0.94 0.07483 -12.62
Type of a Parcel -0.30 0.1049 -2.85

Coefficient of Determination:    0.75 Std. Error of Regression:     0.98
Cased included:    9

 Table 14. Local model for the village of Bodom.

Variable Coefficient Std. Error t-value
Constant 0.18 0.06856 2.59

Area -0.73 0.05 -14.67
Distance -1.35 0.1871 -7.24

Error Correction -0.94 0.07483 -12.46
Type of a Parcel -0.31 0.1044 -2.98

Coefficient of Determination:    0.68 Std. Error of Regression:     0.60
Cased included:    12

Conclusions
Recursive least squares estimation technique is a useful complement to the 
ordinary least squares estimation technique in specifying a data-congruent hedonic 
model and, in particular, for evaluating the structural stability of hedonic prices. 
The CUSUM and CUSUMSQ tests, which are based on the recursive residuals, 
and their variants offer formal procedures for testing the constancy of hedonic 
relationships, which is typically a neglected issue in the empirical land value 
studies. Recursive estimation also enables a real-time estimation of the necessary 
hedonic prices and thus could be applied to the construction of a hedonic function 
in sub-markets where only a few observations are available.

Empirical price study on undeveloped sites indicated that it is possible 
to construct an overall stable hedonic model using equilibrium correction 
mechanism, which also gave the most plausible description among the different 
model contenders in the model specification phase matching the evidence in most 
measurable aspects. However, a small amount of systematic prediction error was 
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still present in this formulation and the residuals were non-normally distributed. A 
closer study also implied that the hedonic price relating to the parcel size variable 
was somewhat unstable over time. 

In the empirical study the most significant attribute variables were identified 
as, respectively, parcel size, error correction, distance to the Helsinki CBD and 
type of a parcel. The price index variable appeared only as a part of the equilibrium 
correction term and showed no short-run relation to the dependent square price 
variable. Parcel size, distance and parcel type attributes possessed both short-run 
and long-term impacts on square price variable.
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